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The fixed point property and unbounded sets in
spaces of negative curvature
Bozena Piatek
Abstract
Motivated by the well-known cases of the real Hilbert ball and complete
R-trees, being both particular cases of CAT(-1) spaces, we give an affirmative
answer to the question of whether the geodesically boundedness property is a
necessary and sufficient condition for a closed convex subset K of a complete
CAT(κ) space, with κ ¡ 0, to have the fixed point property for nonexpansive
mappings
1 Introduction
In metric fixed point theory we are searching for the conditions, the imposing of
which on metric spaces or self-maps on them, implies the existence of fixed points
for such maps. Especially, we are concerned with contractions and nonexpansive
mappings. Unlike, for example to the well-know Banach contraction principle, the
solution of the problem in case of nonexpansive mappings is based on the geometry
of spaces. If we assume thatX is a Hilbert space and K is a closed and convex subset
of X , then K has a fixed point property if K is bounded – this is the well known
result due to Go¨hde. The analogous result for a some special family of Banach
spaces was proved by Browder and Kirk, independently, also in 1965. The generous
exposition of this topic the reader may find in [7, 8]. In eighties Ray improved
the result of Browder et al. showing that the boundedness of K is also a necessary
condition for the fixed point property (see [11, 12]). The analogous result with much
shorter proof was proposed by Sine in [12]. Very recently this result was generalized
for the case of Banach spaces satisfying some additional geometrical conditions by
Takahashi, Yao and Kohsaka (see [13]). At the same time in [3] Domı´nguez gave
an example of Banach space for which the result does not hold.
A quite different situation takes place if X is assumed to be a space of negative
curvature. In [8] it was shown that any closed and convex subsetK of the real Hilbert
ball B (being an infinite dimentional Hadamard manifold of constant curvature equal
to ”−1”, see [8], for curvature compare [2, Section II.10]) has the fixed point property
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for nonexpansive mappings if and only ifK is geodesically bounded. The same result
for complete R–trees, which may be treated as spaces of constant curvature equal
to ”−∞”, was proved by Esp´ınola and Kirk in [5] (see also [9]).
Fixed points on CAT(0) spaces, or spaces of globally nonpositive curvature in
the sense of Gromov, have been extensively studied in the last years by a wide group
of mathematicians (see for instance [4], [6] or [9]). [2] provides a very comprehensive
exposition on CAT(0) spaces. Very recently some considerations on the fixed point
property for unbounded subsets in case of complete CAT(0) spaces were shown by
Esp´ınola and Piatek in [6]. In that paper among the others authors raised still
an open question on the fixed point property for unbounded subsets of complete
CAT(0) spaces with curvature bounded above and below by two negative numbers.
Since the real Hilbert ball as well as R–trees are special cases of CAT(-1) spaces our
considerations lead to the more general question: whether the geodesically bounded-
ness is necessary and sufficient condition for a closed convex subset K of a complete
CAT(κ), κ < 0 space to have a fixed point property for nonexpansive mappings.
The main goal of this paper is to give an affirmative answer to this question.
Our paper is organized in the following way. Section 2 provides some definitions
and elementary properties of geometry of CAT(0) spaces. In Section 3 we formulate
some technical lemmas which will be useful in the proof of our main theorem. The
most interesting in this part seems to be Lemma 3.2 where we consider geometrical
behavior of H2 showing another difference between CAT(0) and CAT(κ) spaces with
negative κ. The main result – the fixed point property for geodesically bounded
subsets of CAT(κ) spaces with negative κ is presented in the last section.
2 Preliminaries
Let (X, ρ) be a geodesic metric space. X is said to be uniquely geodesic if each pair
of points is joining by a unique metric segment which will be denoted by [x, y] for
x, y ∈ X . A subset K of X is called convex if [x, y] ⊂ K as long as x, y ∈ K and
geodesically bounded as long as there is no infinite geodesic in K.
Now we introduce the concept of model spaces M2κ , κ ≤ 0 which we need to
define CAT(κ) spaces. In [2] the reader can find a very generous exposition on
CAT(κ) spaces also in case if κ is positive.
Let us consider the space R3 endowed with the symmetric bilinear form which
associates to vectors u = (u1, u2, u3) and v = (v1, v2, v3) the real number 〈u|v〉
defined by
〈u|v〉 = u1v1 + u2v2 − u3v3.
Let H2 be a set
{x = (x1, x2, x3) ∈ R3 | 〈x, x〉 = −1 ∧ x3 ≥ 1}
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Then H2 with a function d : H2 ×H2 → R defined by
d(u, v) = arc cosh〈u, v〉
is a geodesic space. In a similar way one may define Hn being a subset of Rn+1,
n ∈ N and infinite dimentional H∞ (a subset of Hilbert space l2) being isometric to
the real Hilbert ball (for generous exposition of the real and complex Hilbert ball
see [8, Section II.32]).
The Model Spaces M2κ for κ ≤ 0 are defined as follows.
Definition 2.1 Given κ ∈ (−∞, 0], we denote by M2κ the following metric spaces:
(1) if κ = 0 then M20 is the Euclidean space E
2;
(2) if κ < 0 then M2κ is obtained from the hyperbolic space H
2 by multiplying the
distance function by the constant 1/
√−κ.
Let X be a geodesic space. A geodesic triangle △(x, y, z) is a set consisting of
three points x, y, z ∈ X and all metric segments [x, y], [y, z] and [z, x] (the edges of
△). By a comparison triangle onM2κ we will understand the triangle △(x¯, y¯, z¯) with
the same lengths of edges. The comparison triangle always exists and it is unique
up to isometry.
A geodesic triangle △ in X is said to satisfy the CAT(κ) inequality if, given △¯
a comparison triangle on M2κ for △, for all a, b ∈ △
ρ(a, b) ≤ d(a¯, b¯),
where a¯, b¯ ∈ △¯ are the comparison points of a, b, respectively.
Definition 2.2 X is called a CAT(κ) space, κ ≤ 0, if X is a geodesic space such
that all of its geodesic triangles satisfy the CAT(κ) inequality.
Next we present some properties of CAT(κ) spaces (with κ ≤ 0) but to do this
we will need the notion of Alexandrov’s angle. Let (x, u, v) be a triple in X and
(x¯, u¯, v¯) a comparison triple on the Euclidean plane. Assume u, v 6= x. Then the
comparison angle ∠x(u, v) ∈ [0, pi] is the (Riemannian) angle at x¯ subtended by
the segments [x¯, u¯], [x¯, v¯]. Now let y, z be points in X and let σ : [0, d(x, y)] → X
and τ : [0, d(x, z)] → X be the geodesics from x to y and z, respectively. Then the
Alexandrov angle is defined as
∠x(y, z) := lim
s′,t′→0
∠x(σ(s
′), τ(t′)),
if the previous limit exists.
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Proposition 2.3 (compare [2])
Let X be a CAT(κ) space, κ ≤ 0. Then:
(i) Each pair of points x, y ∈ X is joining by a unique metric segment [x, y].
(ii) If ∆(x¯, y¯, z¯) is a comparison triangle of ∆(x, y, z) on M2κ , then the Alexandrov
angle ∠x(y, z) is well defined and satisfies
∠x(x, y) ≤ ∠x¯(y¯, z¯).
(iii) If κ < 0, then X is also a CAT(κ′) space for all κ < κ′ ≤ 0.
(iv) If (xn) is a bounded subset of a CAT(0) space X, then there is a unique asymp-
totic center A((xn)) satysfying
lim sup
n→∞
d(A((xn)), xn) = min
y∈X
lim sup
n→∞
d(y, xn).
(v) Each triangle ∆(x¯, y¯, z¯) in H2 satisfies so called hyperbolic cosine law, namely,
cosh d(y¯, z¯) = cosh d(x¯, y¯) cosh d(x¯, z¯)− sinh d(x¯, y¯) sinh d(x¯, z¯) cos∠x¯(y¯, z¯),
where by ∠x¯(y¯, y¯) we understand the Alexandrov angle in H
2.
(vi) If X is a CAT(-1) space, then for each triangle ∆(x, y, z) the following in-
equality
cosh ρ(y, z) ≥ cosh ρ(x, y) cosh ρ(x, z)− sinh ρ(x, y) sinh ρ(x, z) cos∠x(y, z)
holds.
In the sequel we will also need the notion of the Busemann convexity. Namely,
X is said to be Busemann convex if for each pair of geodesics σ : [0, l1] → X and
τ : [0, l2]→ X parametrized with respect to arc there is
ρ(σ(tl1), τ(tl2)) ≤ (1− t)ρ(σ(0), τ(0)) + tρ(σ(l1), τ(l2)).
Clearly, from the CAT(0) inequality and (iii) of Proposition 2.3 it follows that each
CAT(κ) space (with κ ≤ 0) is the Busemann convex one.
R-trees are a particular class of CAT(0) spaces with many applications in differ-
ent fields. They are also referred to as spaces of ”−∞” constant curvature (see [2,
p. 167] for more details). The interested reader may check [1, 5, 9, 10] for recent
advances on R-trees and fixed points.
Definition 2.4 An R-tree is a geodesic metric space M such that:
(1) for all x, y ∈M there is unique metric segment [x, y] joining them;
(2) if x, y and z ∈M are such that [y, x]∩ [x, z] = {x}, then [y, x]∪ [x, z] = [y, z].
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3 Technical lemmas
In this section we propose some technical lemmas which will be useful in the proof
of main theorems. We begin with a basic behaviour of triangles on a plane:
Lemma 3.1 Let us fix α0 ∈ (0, 2pi) and consider a triangle ∆(x¯, y¯, z¯) on the Eu-
clidean plane with d(x¯, y¯) = a+d, d(x¯, z¯) = b+d, d(y¯, z¯) = C and ∠x¯(y¯, z¯) = α ≥ α0.
Let u¯ andv¯ be chosen on [x¯, y¯] and [x¯, z¯], respectively, in such a way that d(u¯, y¯) = a
(d(v¯, y¯) = b).
Hence
(i) C →∞ if a, b→∞;
(ii) d(u¯, v¯) < d(y¯, z¯)− d sin2 α0
2
for a, b large enough (with respect to d).
Proof.
Let us denote d(u¯, v¯) by c and h = C− c. Then (i) is an easy consequence of the
cosine law on a plane.
Moreover,
2ch+ h2 = 2(a + b+ d)d(1− cosα),
but h ≤ 2d, so
ch ≥ (a+ b)d(1− cosα)− d2(1 + cosα).
On account of (i) and since c ≤ a + b we obtain
h ≥ d(1− cosα)− d
2
c
(1 + cosα) >
d
2
(
2 sin2
α
2
)
≥ d sin2 α0
2
. 
In next Lemma we will show how to estimate the length of third edge of a triangle
in a CAT(−1) space. This behaviour will be useful in Step 4 of the proof of our
main Theorem. Let us notice that similar result in CAT(0) spaces does not hold.
Lemma 3.2 Let X be a CAT(-1) space and consider a sequence of triangles (∆(xn, yn, zn))
∞
n=1
such that
∠yn(xn, zn) ≥
pi
2
, n ∈ N,
and
d(xn, yn)→∞, d(xn, zn)− d(xn, yn)→ 0 for n→∞.
Then d(yn, zn)→ 0.
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Proof. Le us consider a triangle ∆(x¯, y¯, z¯) on H2 such that d(x¯, y¯) = h, d(x¯, z¯) =
h+ ε and ∠y¯(x¯, z¯) ≥ pi
2
. Then the hyperbolic cosine law implies
cosh d(x¯, y¯) cosh d(y¯, z¯) ≤ cosh d(x¯, z¯)
from which it follows that
cosh d(y¯, z¯) ≤ cosh(h+ ε)
cosh(h)
≤ e
h+ε + e−ε−h
eh
= eε + e−ε−2h
and finally
d(y¯, z¯) ≤ arc cosh
[
eε + e−ε−2h
]
. (3.1)
Now let us notice that the comparison triangle ∆(x¯n, y¯n, z¯n) of ∆(xn, yn, zn) (with
the same lenghts of edges and ∠y¯n(x¯n, z¯n) ≥ ∠yn(xn, zn)) satisfies (3.1), but
ed(xn,zn)−d(xn,yn) + e−d(xn,zn)−d(xn,yn) → 1
so
d(yn, zn)→ 0. 
Remark 3.3 As it was mentioned earlier if one considers comparison triangles on
the Euclidean plane the previous Lemma is not true.
Proposition 3.4 (see [6, Corollary 5.5])
Let X be a CAT(-1) space and let x0, x and y ∈ X such that there exists r, ε > 0
with d(u, v) ≥ ε, where u and v are, respectively, the metric projection of x and y
onto B¯(x0, r), then there exists R > 0, depending only on r and ε, such that
B¯(x0, R) ∩ [x, y] 6= ∅.
4 Main result
Now we propose our main result.
Theorem 4.1 Let X be a complete CAT(-1) space and a nonempty K ⊂ X be
closed and convex. Then K has a fixed point property for nonexpansive mappings
T : K → K if and only if K is geodesically bounded.
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Proof.
First let us suppose that K is not geodesically bounded, then there exists
a geodesic c(t), t ≥ 0 and it is easy to construct a nonexpansive mapping T : K → l
which does not have a fixed point. Indeed, let us define
Tx = c(t+ 1), when Pl(x) = c(t).
Now let us suppose that K is geodesically bounded and there is a nonexpansive
mapping T : K → K which does not have a fixed point. We will show that this
yields a contradiction.
Step 1.
In Step 1 we consider the set of fixed points of contractions based on the mapping
T .
Let us fixed θ ∈ K. For each t ∈ [0, 1) we define
Ttx = tθ + (1− t)Tx.
Clearly, each Tt is a contraction with k = (1 − t) < 1, so the Banach contraction
principle implies that there is a unique zt ∈ K such that zt = Ttzt = tθ+(1− t)Tzt.
Next let us choose a sequence (tn)
∞
n=1 such that tn → 0 and denote ztn by zn.
If the sequence (zn) is bounded then it has a unique asymptotic center A((zn))
and since d(zn, T zn) =
tn
1− tnd(θ, zn) → 0 this asymptotic center is a fixed point
of T , a contradiction. So we obtain d(θ, T zn) → ∞. Without lose a generality one
may suppose that d(θ, T zn) > n.
Step 2.
In Step 2 we consider the behavior of projections of Tzn onto closed balls
B¯(x0, m), m ∈ N.
For each m ∈ N let us consider a sequence (ymn )∞n=m such that ymn ∈ [θ, T zn] and
d(θ, ymn ) = m, n ≥ m. Now we will show that there is m ∈ N such that (ymn )∞n=m is
not totally bounded. Indeed, let us suppose that it is not true. Then we may find
a subsequence of (Tzn) (denoting again by (Tzn)) such that the sequence (y
1
n)
∞
n=1 is
a Cauchy one. Next we find a subsequence of (Tzn) (denoting again by (Tzn)) such
that (y2n) is a Cauchy sequence. Finally taking a diagonal sequence we obtain that
for each m ∈ N the sequence (ymn ) is a Cauchy one. Since K is complete as a closed
subset of a complete space X , we have ymn → ym ∈ K.
Let us consider a comparison triangles ∆(θ¯, y¯Mn , y¯
M) on a plane of triangles
∆(θ, yMn , y
M). Then y¯mn (m < M) – the comparison point of y
m
n is lying on [θ¯, y¯
M
n ].
Choosing a point um ∈ [θ, yM ] with d(θ, um) = m it is easy to see that d(ymn , um) ≤
m
M
d(yMn , y
M), so ymn → um and ym ∈ [θ, yM ] for m < M . Since d(θ, ym) = m it
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follows that the limit sequence (ym)∞m=1 forms a geodesic of X (compare the appli-
cation of totally boundedness of balls in the proof of [6, Proposition 3.5]). Since
K is convex this geodesic must belong to K and again we obtain a contradiction
with assumptions on K. So there is R ∈ N such that (yRn ) is not totally bounded.
Moreover, again taking a subsequence if it is necessary, one may suppose that there
is a positive real number r such that d(yRp , y
R
q ) ≥ r, p, q ≥ R. In the sequel we will
consider this subsequence instead of (Tzn)
∞
n=1.
Step 3.
Let us notice that since T is nonexpansive and zn ∈ [θ, T zn] it follows that
d(θ, zn) + d(zn, T zn) = d(θ, T zn) ≤ d(θ, T θ) + d(Tθ, Tzn) ≤ d(θ, T θ) + d(θ, zn),
so a sequence of positive numbers (d(zn, T zn)) is bounded. Let us suppose that there
is a subsequence (denoting again by (Tzn)) such that
d(zn, T zn)→ d > 0 (4.1)
We will show that (4.1) leads to a contradiction.
For each pair p, q ≥M (p 6= q and p, q large enough) we consider ∆(θ¯, T¯ zp, T¯ zq)
– a comparison triangle on a plane of ∆(θ, T zp, T zq).
Let u¯p ∈ [θ¯, T¯ zp] (u¯q ∈ [θ¯, T¯ zq]) be chosen in such a way that d(u¯p, T¯ zp) = d
(d(u¯q, T¯ zq) = d). Clearly, comparing angles, it must be
∠θ¯(T¯ zp, T¯ zq) = ∠θ¯(y¯
R
p , y¯
R
q ) ≥ 2 arcsin
r
2R
.
So on account of Lemma 3.1
d(zp, zq) ≤ d(z¯p, z¯q) ≤ d(u¯p, z¯p) + d(u¯p, u¯q) + d(z¯q, u¯q)
≤ d(u¯p, z¯p) + d(z¯q, u¯q) + d(Tzp, T zq)− d · r
2
4R2
.
Since d(Tzp, T zq)→∞ (compare Lemma 3.1) and d(u¯p, z¯p), d(z¯q, u¯q) tends to 0 (if
p, q →∞), for p, q large enough we obtain
d(zp, zq) < d(Tzp, T zq),
a contradiction. That means that our assumption (4.1) cannot hold and d(zn, T zn)
must tend to 0.
Step 4.
On account of Proposition 3.4 it follows that there is M > 0 such that each
metric segment [zp, zq] has a nonempty intersection with a closed ball B¯(θ,M). Let
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zp,q belong to the intersection B¯(θ,M) ∩ [zp, zq] and fix q = p + 1 for all p large
enough (p ≫ M). Since d(θ, zn) → ∞ when n → ∞, we have that both d(zp,q, zp)
and d(zp,q, zq) tend to infinity for p→∞ (so also q →∞).
Now we estimate the distance d(zp,q, T zp,q). To do this let us consider a triangle
∆(Tzp,q, T zp, T zq). Let us denote d(Tzn, zn) = εn. Then we have
d(Tzp,q, T zp) ≤ d(zp,q, zp), d(Tzp,q, T zq) ≤ d(zp,q, zq)
and
d(Tzp, T zq) ≥ d(zp, zq)−
[
εp + εq
]
.
Let us denote by up,q a point of [Tzp, T zq] such that
d(Tzp, up,q) = d(Tzp, T zq) · d(zp,q, zp)
d(zp, zq)
and
d(Tzq, up,q) = d(Tzp, T zq) · d(zp,q, zq)
d(zp, zq)
.
Since
pi = ∠up,q(Tzp, T zq) ≤ ∠up,q(Tzp, T zp,q) + ∠up,q(Tzp,q, T zq),
at least one angle of the sum is not smaller than pi/2 (without lose a generality we
assume that in each case that is ∠up,q(Tzp, T zp,q)). Hence
d(Tzp, T zp,q) > d(Tzp, up,q) ≥ d(zp, zp,q)−
[
εp, εq
] · d(zp, zp,q)
d(zp, zq)
≥ d(Tzp, T zp,q)−
[
εp, εq
]
.
So 0 < d(Tzp, T zp,q) − d(Tzp, up,q) → 0 if p increases. Since d(up,q, T zp) and
d(up,q, T zp) tend to infinity, on account of Lemma 3.2 we have that
d(Tzp,q, up,q)→ 0. (4.2)
The Busemann convexity of a CAT(-1) space implies that
d(zp,q, up,q) ≤ max{d(zp, T zp), d(zq, T zq)},
what on account of (4.2) leads to
d(zp,q, T zp,q)→ 0. (4.3)
But the sequence (zp,p+1) is bounded, so it has a unique asymptotic center. Using
(4.3) this asymptotic center must be a fixed point of T , what contradicts our assump-
tions. Let us mention that we suppose that K is geodesically bounded and there is
a nonexpansive mapping T : K → K which does not have a fixed point. Obtaining
a contradiction means that if K is geodesically bounded each nonexpansive map
T : K → K must have a fixed point, what finishes the proof of our Theorem. 
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Remark 4.2 Let us note that we suppose that κ = −1 only to simplify our esti-
mations. So one may get the same result as above for each space with curvature
bounded above by a negative number κ as the following corollary shows.
Corollary 4.3 Let X be a complete CAT(κ) space with κ < 0 and a nonempty
K ⊂ X be convex and closed. Then K has a fixed point property for nonexpansive
mappings if and only if K is geodesically bounded.
Since each R–tree is a CAT(-1) space, we obtain:
Corollary 4.4 (compare [5] and [9, Theorem 31])
Let X be a complete R–tree and a nonempty K ⊂ X be convex and closed. Then K
has a fixed point property for nonexpansive mappings if and only if K is geodesically
bounded.
Moreover, in [8] K. Goebel and S. Reich considered the complex Hilbert ball B
and the real Hilbert ball being its subset of constant curvature equal to −1. Since
the sectional curvature of the complex Hilbert space may be estimated by −1 and
−4 (see [2, Theorem II.10.16]), we obtain the following generalization of some results
proved in [8]:
Corollary 4.5 (compare [8, Lemma 30.1] and [8, Theorem 32.2])
Let X be the complex Hilbert ball and a nonempty K ⊂ X be convex and closed.
Then K has a fixed point property for nonexpansive mappings if and only if K is
geodesically bounded.
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